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Abstrat
We use a funtional approah to alulate the Casimir energy due
to Dira elds in interation with thin, at, parallel walls, whih im-
plement imperfet bag-like boundary onditions. These are simulated
by the introdution of δ-like interations with the walls. We show
that, with a proper hoie for the orresponding oupling onstants,
bag-model boundary ondition are properly implemented.
We obtain expliit expressions for the energies in 1 + 1 and 3 + 1
dimensions, for massless and massive elds.
1 Introdution
In reent years, a renewed interest in the Casimir eet [1℄ emerged, as a
onsequene of new, rened experimental tehniques [2℄, whih raised the
required standards of the theoretial alulations. They were usually based
on gross simplifying assumptions, mostly about the properties of the mirrors.
To explain the experimental results, it is then important to use more aurate
models, inluding orretions due, for example, to the imperfet nature of the
mirrors.
In this paper we are onerned with the alulation of the fermioni
Casimir eet for imperfet `mirrors', in a funtional integral framework. In
a fermioni ontext, the mirrors are meant to partially reet the fermioni
urrent; inluding as a partiular ase the `bag' boundary onditions, where
the urrent is ompletely reeted.
From a tehnial point of view, we shall use an adapted version of a
previously used funtional approah [3℄, to ope with the ase of fermioni
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elds and imperfet boundaries. In the fermioni ontext, this method had
already been applied to the ase of fermions in 2 + 1 dimensions satisfying
bag onditions on a urve and oupled to a gauge eld [4℄.
To ope with imperfet mirrors, whih will oupy parallel planes, we
follow [5℄ to introdue a oupling of the bilinear ψ¯ψ to a δ-funtion potential
of the proper oordinate. We shall then alulate the resulting Casimir energy
as a funtion of the distane between two mirrors, using to that eet a
funtional formalism whih maps the original problem to a one-dimensional
one, where the elds live on the surfaes of the mirrors. We show that
exat results may be obtained by for 1 + 1 and 3 + 1 dimensions; for the
1 + 1 dimensional ase our result in the perfet bag ase agrees with the
one of [5℄, in spite of the fat that the treatment of the problem is quite
dierent; in partiular, the desription of the interation annot be mapped
in a straightforward manner from one alulation to the other.
This artile is organized as follows: in setion 2 we introdue the method
in general; in 3 we apply it to the alulation of the Casimir energy for two
imperfet mirrors in 1 + 1 and 3 + 1 spaetime dimensions. In setion 4 we
analyze the relationship between this kind of interation and the bag bound-
ary onditions, whih emerge when the oupling onstant takes a partiular
value. Finally, in setion 5 we present our onlusions.
2 The method
In this setion, we shall introdue the method used for the alulation of
the vauum energy, in the presene of `defets' whih generate the approxi-
mate bag-like boundary onditions, for the ase of a fermioni eld in D+ 1
spaetime dimensions.
Our approah is based on the well-known property that the vauum en-
ergy, E0, may be obtained from the Eulidean funtional Z ≡ e−Γ, as:
E0 = lim
T→∞
Γ
T
, (1)
where T is the extension of the (imaginary) time oordinate. On the other
hand, in the funtional integral representation, Z is given, for a Dira eld,
by:
Z =
∫
DψDψ¯ e−S, (2)
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where S, the Eulidean ation, will be suh that S = S0 + SI , with
S0 =
∫
dD+1x ψ¯(x) ( 6∂ +m)ψ(x)
SI =
∫
dD+1x ψ¯(x) V (x)ψ(x) , (3)
whih are the free and interation ations, respetively.
In the last equation, V (x) denotes a `potential', introdued in order to
simulate the boundary onditions. Although we shall mostly onsider just the
ases of one or two defets, we write (for the sake of generality) its expression
for a system with N equally-spaed defets:
V (x) = g
N−1∑
α=0
δ(xD − aα) , (4)
where aα = αL and α = 0, 1, . . . , N − 1. g is the oupling onstant, whose
role in imposing an approximate boundary ondition is disussed in setion 4.
It is worth noting here that, as mentioned in [5℄, Dira's equation with this
kind of potential is not well-dened. However, also in [5℄, a onsistent al-
ulation of the Casimir energy for a Dira eld in 1 + 1 dimensions ould
still be performed, sine one an set up the problem in terms that avoid the
alulation of the eigenstates of the Dira Hamiltonian. We shall here use
an approah that also bypasses the eigenproblem for the Dira Hamiltonian,
relying instead on the orresponding Eulidean propagator. The reason this
an be done is, of ourse, that the vauum energy may be expressed as a
funtion of the expetation values of fermioni bilinears whih are, at least
in this ase, well-dened even when the eigensystem is not.
Of ourse, the total energy for this kind of potential will be, sine there
is translation invariane along the oordinates parallel to the surfae of the
mirrors, proportional to the `area' of eah defet; thus we will be interested in
evaluating energy densities, or pressures, rather than the extensive quantity
E0 (exept the D = 1 ase where the two quantities oinide).
In D spatial dimensions, the defets are o-dimension 1 hyperplanes.
Putting the system in a d ≡ D−1-dimensional `box' of side a, we obtain the
vauum energy density E0 dividing E0 (alulated for suh a box) by ad, and
then taking the a→∞ limit:
E0 = lim
T, a→∞
(
Γ
adT
)
. (5)
We have denoted by x the oordinates in D + 1 dimensional spaetime x =
(x0, . . . , xD). It will turn out to be onvenient to introdue also oordinates
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y ∈ Rd+1, for the subset of the d+1 spaetime omponents that parametrize
the αth defet's world-volume, as x = (y, aα). Analogously, momentum-
spae oordinates in D + 1 dimensions are denoted by p, while q is reserved
for its d+ 1-dimensional restrition:
p = (q, pD) , (6)
where pD is the momentum omponent along the normal diretion to the
mirrors.
In terms of these onventions, we have:
e−SI =
N−1∏
α=0
e− g
R
dd+1y ψ¯(y,aα)ψ(y,aα)
(7)
whih, following the methods of [3℄, may be written in an equivalent way by
introduing a pair of auxiliary Grassmann elds χ¯α(y) and χα(y) for eah
defet. The vauum funtional then adopts the form:
Z = Z0
∫ [N−1∏
α=0
DχαDχ¯α
]
exp
[N−1∑
α=0
∫
dd+1y χ2α(y)
+ g
∫
dD+1x
∫
dD+1x′ η¯(x)G(0)(x, x′) η(x′)
]
, (8)
where:
η(x) ≡
N−1∑
α=0
χα(y) δ(xd − aα) , (9)
while Z0 is the vauum funtional in the absene of defets:
Z0 =
∫
DψDψ¯ e−S0 = det ( 6∂ +m) . (10)
On the other hand,
G(0)(x, x′) = 〈x|( 6∂ +m)−1|x′〉 , (11)
is the free fermion propagator. Note that the auxiliary elds are naturally
dened on eah one of the mirrors' world-volumes.
Sine we are interested in alulating the dependene of E0 on the posi-
tions, aα, of the defets, we shall disard any onstant whih is independent
of those variables. Constant fators in the funtional integral, like Z0, gener-
ate preisely that kind of onstant, whih we shall therefore ignore (without
bothering to rename the orresponding subtrated quantity).
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Replaing (9) into (8), we may write the latter in the more expliit form:
Z =
∫ [ N−1∏
α=0
DχαDχ¯α
]
e
PN−1
α,β=0
R
dd+1y
R
dd+1y′ χ¯α(y)Kαβ(y,y′)χβ(y′) , (12)
where we introdued the matrix kernel:
Kαβ(y, y′) = δαβ δ(y − y′) + g G(0)(y, aα, y′, aβ) , (13)
where eah α, β element is also a matrix in Dira spae.
The formal result of evaluating the integral above is then:
Z = det
[
Kαβ(y, y′)
]
(14)
where the determinant is meant to aet all, ontinuum and disrete, vari-
ables. This means that:
E0 = − lim
T, a→∞
(
1
adT
Tr lnK
)
, (15)
where `Tr' is the trae over ontinuous and disrete indies 1.
Sine there is invariane under translations in the y oordinates, we may
Fourier transform with respet to them. The kernel beomes then blok
diagonal in the ontinuous variables; besides, a proper ounting of the modes
in the box shows that the adT fator is anelled by an idential one oming
from the numerator; thus, in the limit,
E0 = −
∫
dd+1q
(2pi)d+1
tr
[
ln K˜(q)] , (16)
where the tilde has been used to denote Fourier transformation, and `tr'
denotes trae over the α, β and Dira indies only.
In the following setion, we deal with the evaluation of the previous ex-
pression for E0 in the most relevant ase, i.e., N = 2.
3 Casimir energy
Besides the subtration of the vauum energy in the absene of the defets,
there is another onstant to get rid of: the self-energy of the defets. It may
be identied as the result of evaluating E0 for L→∞. Thus the presrition
1
Again, a nite spaetime box is introdued before taking the limit.
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for suh a subtration, whih will render a nite quantity as a result, is to
subtrat from E0 its limit when L → ∞. Of ourse, to give meaning to the
expression at intermediate steps, a regularization is introdued.
Sine the last subtration brings into play the self-energy of the defets, we
present rst N = 1, where the self-energy rst emerges, and then the N = 2
ase where we evaluate the energy for the ase of two defets, identifying and
subtrating the ontributions of the self-energies of the two mirrors.
3.1 One defet
For N = 1, the K˜ matrix has only one element (α = β = 0), thus there is no
need to use α, β indies:
K˜ = 1 + g
2
W (q) , W (q) ≡ m + i 6q√
m2 + q2
. (17)
so that E0 beomes:
E0 =
∫
dd+1q
(2pi)d+1
tr
{
ln
[
1 +
g
2
W (q)
]}
. (18)
When D = 1, the Eulidean gamma matries have the single eigenvalues
±1. Then the vauum persistene amplitude is:
E0 = −
∫
dp0
2pi
ln
(
1 +
g2
4
+
g m√
m2 + p20
)
, (19)
whih has a logarithmi UV divergene, easily regularized by using a fre-
queny uto.
A lengthier, but quite straightforward alulation shows that, in D = 3:
E = − 2
∫
d3p
(2pi)3
ln
[
1 +
g2
4
+
gm√
m2 + q2
]
, (20)
whih is quadratially divergent. Again, an Eulidean an be used to give
meaning to the integral, whose expliit form we do not need: indeed, it will
emerge in the next subsetion only to be subtrated in order to x the energy
to zero when L→∞.
3.2 Two defets
When N = 2 the matrix K˜(q) is given by
K˜(q) =

1 + g
2
W (q) g
2
(
W (q)− γD
)
e−L
√
m2+q2
g
2
(
W (q) + γD
)
e−L
√
m2+q2 1 + g
2
W (q)
 (21)
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with W as dened in (17).
Using the property:
det K˜(q) = det K˜00 det K˜11 det
[
I − K˜−100 K˜01K˜−111 K˜10
]
(22)
for the determinant of the matrix in (21), we may identify the rst two
fators above as yielding the self-energies for the defets, as studied in 3.1.
We rst introdue an UV uto to give meaning to those two fators (the
third fator is onvergent) before subtrating the orresponding self-energies.
The resulting pressure is:
E0 = −
∫
dd+1q
(2pi)d+1
tr
[
lnM˜(q)] , (23)
with
M˜(q) ≡ I − K˜−100 K˜01K˜−111 K˜10 . (24)
Let us now evaluate E0 above for D = 1 and D = 3. In one spatial
dimension, if we take into aount Dira's indies, K˜αβ is a matrix with two
2 × 2 bloks, while M˜ is just a 2 × 2 matrix. A somewhat lengthy but
otherwise straightforward alulation shows that the latter has eigenvalues
λ1, λ2 given by:
λ1 = 1
λ2 = 1 +
16 g2 q20
[(4 + g2)ω(q0) + 4 gm]2
e−2L|q0| , (25)
where ω(q0) ≡
√
q20 +m
2
. Therefore, the trae in the expression for the
vauum energy an be alulated exatly. In the massless ase, we an obtain
the exat expression for the energy as a funtion of g, sine:
E0(L) = −1
pi
∫ ∞
0
dq0 ln
[
1 +
16 g2
(4 + g2)2
e−2L q0
]
, (26)
or,
E0 = − c1(g)
L
(27)
where
c1(g) ≡ − 1
2 pi
Li2
[ −16 g2
(4 + g2)2
]
, (28)
is a dimensionless onstant whih determines the strength of the Casimir
interation, and Lin(x) denotes the polylogarithm funtion. In gure (1),
we plot the dimensionless ombination c1(g) = −L E0 as a funtion of the
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(also dimensionless) variable g, for the massless ase, and for dierent values
of M ≡ mL, orresponding to the massive ase (where there is no losed
expression for the energy). Note that there is a maximum at g = 2. That
value, as explained in the next setion, orresponds to exat bag boundary
onditions, where the boundaries are more eetive and as a onsequene the
energy reahes it maximum possible value:[E0]g=2 = − pi24L (29)
Note that in the approah of referene [5℄, bag onditions orrespond to an
innite oupling onstant. The dierene is explained, of ourse, by the
dierent meaning of the oupling onstants in both ases. For example, the
propagator in our approah inludes tadpole-like propagation between the
wall and itself, whih naturally hange the eetive value of the oupling
onstant. Nevertheless, our g = 2 agrees with λ→∞.
A fuller explanation of this fat is given in setion 4, where we derive the
form of the fermion propagator in the presene of the defets, studying its
behaviour lose to the boundary. As already mentioned, for the massive ase
2 4 6 8 g
0.02
0.04
0.06
0.08
0.10
0.12
M = 0
M = 0.01
M = 0.1
M = 0.5
M = 1
c1(g)
Figure 1: c1(g) as a funtion of g, for dierent values of M = mL.
the orresponding integral annot be performed exatly. In Figure 2 we plot
the result of numerially evaluating that integral for c1(g,mL) ≡ |E0|L as a
funtion of M = mL, for dierent values of g.
In 3 spatial dimensions, eah blok in M˜ is a 4×4 matrix. For a massive
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0.0 0.2 0.4 0.6 0.8 M
0.02
0.04
0.06
g = 3
g = 2
g = 1
g = 0.5
g = 0.1
c1
Figure 2: c1 as a funtion of M ≡ mL; D = 1.
eld, and using the notation ω(q) ≡
√
m2 + q2 we nd that:
K˜−100 K˜01K˜−111 K˜10 =
4g2e−2ω(q)L[
(4 + g2)ω(q) + 4 gm
]2 [− 2 q2 I + g q2 γD
+ i (2m + g ω(q)) 6q + i (2ω(q) + g m) 6q γD
]
, (30)
with q = (p0, p1, p2), pD = p3 and γD = γ3.
The exat eigenvalues of M˜ an be found after some algebra, the result
being:
λ1 = 1
λ2 = 1 +
16 g2 q2[
(4 + g2)ω(q) + 4 gm
]2 e−2ω(q)L , (31)
eah one with multipliity equal to two. Then, after integrating out the
angular variables, the Casimir energy per unit area may be written as follows:
E0(g,m, L) = −c3(g,mL)
L3
(32)
where
c3(g,M) ≡ 1
pi2
∫ ∞
0
dr r2 ln
{
1 +
16 g2 r2 e−2
√
r2+M2[
4gM + (4 + g2)
√
r2 + M2
]2} , (33)
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whih onverges in both the IR and UV regions.
It is onvenient to introdue rst the result orresponding to the ase
m = 0 and g = 2, where the energy reahes a maximum:
E0(2, 0, L) = − 7pi
2
2880L3
, (34)
in agreement with [6℄ (see also [7℄).
When m 6= 0, and introduing M = mL 6= 0,
L3 E0 = 1
pi2
∫ ∞
0
dr r2 ln
[
1 +
16 g2 r2 e−2
√
r2+M2
[ 4 gM + (4 + g2)
√
r2 + M2 ]2
]
. (35)
This integral annot be found analytially, but it has a onvenient form for
performing it numerially. In 3, we plot c3(g,M) = L
3 |E0| as a funtion of
g for dierent values of M = mL between 0.1 and 1. We see the expeted
dereasing behaviour of the energy when m grows, regardless of the value of
g. This happens beause the fermioni eld propagator has a faster deay
with distane the larger is the mass, reduing the interation energy between
them. On the other hand, the energy always has a maximum when g = 2,
for any value of the mass. As we mentioned for the D = 1 ase, this omes
from the bag boundary onditions, whih are met preisely at this value. In
0 2 4 6 8 g
0.005
0.010
0.015
0.020
M = 0
M = 0.05
M = 0.2
M = 0.5
M = 1
c3
Figure 3: c3 as a funtion of g, for dierent values of M .
gure 4, we present the omplementary view, by plotting c3 as a funtion of
M , for dierent values of g between 0.1 to 3. It an be seen that the energy
beomes negligible when M ≃ 2 whih means that the distane between the
plates is of the order of the deay length of the propagator.
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g = 1
g = 2
g = 3
0 M
c3
Figure 4: c3 as a funtion of M = mL, for dierent values of g.
4 The δ-interation and bag boundary ondi-
tions
Bag boundary onditions are usually formulated in terms of the fermioni
propagator G(x, x′) = 〈ψ(x)ψ¯(x′)〉, in the presene of boundaries. For the
ase of just one defet loated at xd = 0, one says that it imposes bag
onditions on its two, `right' and `left' faes, when:
lim
xD→0±
(1 ± γD)G(x, x′) = 0 , (36)
respetively. They imply that the vauum expetation value of the normal
omponent of the fermioni urrent vanishes when approahing the wall from
eah side. Similar onditions may be imposed, of ourse, on more than one
wall.
Following an analogous proedure to the one use for the alulation of Z,
but now for the propagator:
〈ψ(x)ψ¯(x′)〉 =
∫ DψDψ¯ ψ(x)ψ¯(x′) e−S∫ DψDψ¯ e−S (37)
we obtain:
G(x, x′) = G(0)(x, x′) + T (x, x′) , (38)
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where:
T (x, x′) = −g
∑
α,β
∫
ddq
(2pi)d
e−iq(y−y
′)G˜(0)(q, xD, aα)
× [K˜−1]αβ(q) G˜(0)(q, aβ, x′D) . (39)
with
G˜(0)(q, xD, x
′
D) =
∫
dpD
2pi
e−ipD(xD−x
′
D)G(0)(x, x′) . (40)
The matrix elements of the inverse of K˜ may be written in terms of the
matrix elements of K˜:
K˜−1 =
 C−10 −[K˜00]−1K˜01C−11
−C−11 K˜10[K˜00]−1 C−11
 , (41)
where [K˜00]−1 and [K˜11]−1 denote the inverses of the respetive matrix ele-
ments (not to be onfused with the matrix elements of the inverse). We have
used the denitions C0 ≡ K˜00−K˜01[K˜11]−1K˜10 and C1 ≡ K˜11−K˜10[K˜00]−1K˜01.
Let us apply the formulae above, for the sake of simpliity, to the ase of
massless fermions and only one defet in D = 1, we see that, when x1 → 0+
and x′1 > 0 we obtain:
(1± γ1)
[
G˜(q, 0, x′1) + G˜(q, 0, x
′
1)
]
= e−|q||x
′
1| ( 2 g
4 + g2
∓ 1
2
)
×
[
I ∓ i sg(q) γ0 ± γ1 + i sg(q) γ0γ1
]
, (42)
where sg is the sign funtion. Sine we are interested in the + sign when
approahing the defet from the right, we see that the bag ondition is fullled
when
2 g
4 + g2
=
1
2
(43)
thus, g = 2.
On the other hand, when one approahes the defet from the left, one also
obtains g = 2 to satisfy the orresponding bag ondition. An entirely anal-
ogous derivation yields the same value for g when the fermions are massive,
or when more dimensions are onsidered. For example, in 2 + 1 dimensions,
and for m = 0 the propagator redues to the one of [8℄.
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5 Conlusions
We derived general expressions for the vauum energy in the presene of N
`defets', whose role is to impose imperfet bag-like boundary onditions on
parallel planes. Standard bag onditions may be obtained as a partiular
ase. For the ase of two plates, we obtain more expliit formulae, whih
yield the Casimir energy as an integral over a single variable. That integral
is both UV and IR nite.
We show that, at any given distane between the plates, the energy
reahes a maximum preisely when the bag ondition is satised.
Our way of implementing the alulation relies on the alulation of the
exat fermion propagator in the presene of the defets. This propagator is
a perfetly well-dened objet, in spite of the fat that the eigensystem for
the assoiated Dira Hamiltonian is not well-dened. This ambiguity has the
onsequene of allowing for dierent parametrizations of the strength of the
oupling between the Dira eld and the mirrors. In partiular, our method
produes a fermioni propagator whih satises bag boundary onditions
when the oupling onstant g = 2. That value orresponds, in the setting of
referene [5℄ to an innite oupling onstant.
13
Aknowledgments
C. D. F. and E. L. L. aknowledge support from CONICET, ANPCyT and
UNCuyo.
Referenes
[1℄ G. Plunien, B. Müller, and W. Greiner, Phys. Rep. 134, 87 (1986); P.
Milonni, The Quantum Vauum (Aademi Press, San Diego, 1994);
V. M. Mostepanenko and N. N. Trunov, The Casimir Eet and its
Appliations (Clarendon, London, 1997); M. Bordag, The Casimir Ef-
fet 50 Years Later (World Sienti, Singapore, 1999); M. Bordag, U.
Mohideen, and V. M. Mostepanenko, Phys. Rep. 353, 1 (2001); K.
A. Milton, The Casimir Eet: Physial Manifestations of the Zero-
Point Energy (World Sienti, Singapore, 2001); S. Reynaud et al.,
C. R. Aad. Si. Paris IV-2, 1287 (2001); K. A. Milton, J. Phys. A:
Math. Gen. 37, R209 (2004); S.K. Lamoreaux, Rep. Prog. Phys. 68,
201 (2005); Speial Issue "Fous on Casimir Fores", New J. Phys. 8
(2006).
[2℄ S.K. Lamoreaux, Phys. Rev. Lett. 78, 5 (1997); U. Mohideen and A.
Roy, Phys. Rev. Lett. 81, 4549 (1998); B.W. Harris, F. Chen, and U.
Mohideen, Phys. Rev. A 62, 052109 (2000); T. Ederth, Phys. Rev.
A 62, 062104 (2000); H.B. Chan, V.A. Aksyuk, R.N. Kleiman, D.J.
Bishop, and F. Capasso, Siene 291, 1941 (2001); H. B. Chan, V.A.
Aksyuk, R.N. Kleiman, D.J. Bishop, and F. Capasso, Phys. Rev. Lett.
87, 211801 (2001); G. Bressi, G. Carugno, R. Onofrio, and G. Ruoso,
Phys. Rev. Lett. 88, 041804 (2002); D. Iannuzzi, I. Gelfand, M. Lisanti,
and F. Capasso, Pro. Nat. A. Si. USA 101, 4019 (2004); R.S. Dea,
D. López, E. Fishbah, and D.E. Krause, Phys. Rev. Lett. 91, 050402
(2003); R.S. Dea et al., Phys. Rev. Lett. 94, 240401 (2005); R.S.
Dea et al., Annals of Physis 318, 37 (2005).
[3℄ M. Bordag, D. Robashik, and E.R. Wiezorek, Annals of Physis 165,
192 (1985); R. Golestanian and M. Kardar, Phys. Rev. A 58, 1713
(1998); C. D. Foso, F. C. Lombardo, and F. D. Mazzitelli, Phys. Rev.
D 76, 085007 (2007).
[4℄ C. D. Foso and F. D. Mazzitelli, Phys. Rev. D 74, 025020 (2006)
[arXiv:hep-th/0606092℄.
14
[5℄ P. Sundberg and R. L. Jae, Annals Phys. 309, 442 (2004)
[arXiv:hep-th/0308010℄.
[6℄ K. Johnson, Ata Phys. Polon. B 6, 865 (1975).
[7℄ H. Queiroz, J. C. da Silva, F. C. Khanna, J. M. C. Malbouisson,
M. Revzen and A. E. Santana, Annals Phys. 317, 220 (2005) [Erratum-
ibid. 321, 1274 (2006)℄ [arXiv:hep-th/0411228℄.
[8℄ C. D. Foso, A. P. C. Malbouisson and I. Roditi, Phys. Lett. B 609,
430 (2005) [arXiv:hep-th/0412229℄.
15
